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EQUILIBRIUM



Equilibrium model: analytic theory

◮ Perfect fluid:

Tα
β = (e + p)uαuβ + pδαβ

◮ Pure rotation:

uµ = A (tµ +Ωφµ) , uν = −E
(

δt
ν − ℓδ

φ
ν

)

.

◮ Conservation laws:

∇α (ρuα) = 0, ∇αTα
β = 0.

(e + p)a + ∇p = 0, a = ∇ ln E −
Ω∇ℓ

1 − ℓΩ
.

◮ This can be integrated if p = p(n), ρ = ρ(n) to

EΨh = const Ψ ≡ exp

[

−

∫

Ωdℓ

1 − ℓΩ

]

.



Equilibrium model: construction
Von Zeipel cylindres:

Ω = Ω(ℓ) and Ω =
gφt − ℓgφφ

gtt − ℓgtφ
.

Lane-Embden function (polytropes):

f = 1 −
1

Nc2
s0

(

1 −
E0Ψ0

Eψ

)

, 0 ≤ f ≤ 1.
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What limits torus sizes?
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Maximal torus in Schwarzschild spacetime

0 2 4 6 8 10 12
x[M]

−4

−3

−2

−1

0

1

2

3

4
y[
M
] a b

a
b
= 1+

√
5

2



Perturbations



Perturbations

◮ Perturbation of conservation laws

∇αδ (ρuα) = 0, ∇αδT
α
β = 0.

Introduce

ω̃ ≡ ω −mΩ, m̃ ≡ m − ℓω, η ≡
δh

h

−iω̃δu + γ3δuφ +
1

A
∇η = 0,

−iω̃δuφ + γ1 · δu + im̃Eη = 0,

1

ρR
∇ · (ρRδu) +

im̃E

AR2
δuφ −

iω̃A

c2
s

η = 0.

◮ 3 poloidal vectors:

γ1 ≡ E2
∇ℓ, γ2 ≡ ∇Ω, γ3 ≡ γ2 −

γ1

A2R2
.



Papaloizou-Pringle equation

Perturbation variable

W ≡ −
δh

Aω̃
= −

δp

Aω̃ρ
.

The Euler equation gives

δu =
i

h

[

P · ∇W + γ1

m̃ω̃E

ADR2
W

]

,

δuφ = −
1

hD

[

ω̃γ1 · ∇W − m̃AE
(

ω̃2 + γ1 · γ2

)

W
]

,

with

D ≡ κ2
− ω̃2, κ2

≡ −γ1 · γ3, P ≡ g̃ +
1

D
γ1γ3.



Papaloizou-Pringle equation

Continuity equation gives

h

ρR
∇·

(

ρR

h
P · ∇W

)

+

[

Aω̃

ρR
∇ ·

(

ρm̃E

DRA2
γ1

)

+
m̃2ω̃2E2

DR2
+

A2ω̃2

c2
s

]

W = 0.

For constant angular momentum tori:

h

ρR
∇ ·

(

ρR

h
∇W

)

+

[

A2ω̃2

c2
s

−
m̃2E2

R2

]

W = 0,

ω̃ ≡ ω −mΩ, m̃ ≡ m − ℓω

quadratic eigenvalue problem:

L̂W + (ω −mΩ1) (ω −mΩ2)W = 0,

L̂ ≡
h

ρRB
∇ ·

(

ρR

h
∇

)

, B ≡
A2

c2
s

−
E2ℓ2

R2
, Ω1,2 ≡

ARΩ ± csE

AR ± csEℓ
.



FEM implementation

Diskretized form [ϕb(x) = test functions]:

∑

b

(Sab − ωMab)Wb = 0, W(x) =
∑

b

Wbϕb(x)
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RESULTS

axisymmetric modes



Axisymmetric modes
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...Comparison to analytic results of Straub, Šrámková, Blaes



Axisymmetric modes
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RESULTS

non-axisymmetric modes



Cusp tori as model for NS QPOs

◮ Identification of the two high-frequency QPOs:

νu ≡ Ω(r0), νl ≡ ωrad,m=1(r0, β)

◮ Slender torus: νl = Ω(r0) − ωr(r0)

◮ Sequence of cusp-filling tori: β = βmax(r0)

νu ≡ Ω(r0), νl ≡ ωrad,m=1[r0, βmax(r0)] ≡ νl(r0)

⇒ one-parametric relation between νu and νl.

... based on analytic approximations of Straub, Šrámková, Blaes



Cusp tori as model for NS QPOs
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Radial precesion (m = 1 radial mode)
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Mode merging (m = 1 radial modes)
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Mode merging causes instability
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◮ Inner, ω̃ ∼ −ωr < 0

◮ Perturbation decreases the total

energy of the flow

◮ Negative mode energy

◮ Outer, ω̃ ∼ ωr > 0

◮ Perturbation increases flow

energy

◮ Positive mode energy

Overreflection⇒ Neutral modes.



Mode merging (m = 1 radial modes)
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